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1. NOTATIONS

1.1. Basic notations.

F global or local field, we only consider the local case.

I'r = Gal(F/F).

Wg Weil group of F' when local.

G connected reductive group over F.

Y 1 G — G* quasi-split inner form of G, v () ~! = Int(u,) for some u,.

Spl: splitting data for the reductive groups.

G: dual group of G, defined over C.

L@: L-group of G, realized as G = G x W, the action is specified by a

splitting on G.

e Borel and torus: we will denote By, Ty in H, Bg,Tg in G, B,T in G*,
By, Ty in H, B, T in G.

e Usually Sply = (Bu, Ta, {Xa}y), Splg = (B, T,{Xa})-

1.2. Endoscopy data. Let (H,H,s,&) be endoscopic data for G, which means:
Struture:

(1) H is a quasi-split group over F.
(2) H is a split extension of W by H and px coincides with pg.
(3) s is a semisimple element of G.
(4) €:H — LG is an L-homomorphism.
Properties:
(1) Ints o & = a ® &, where a is a 1-cocycle of W in the center Z(G).
(2) €|z is an isomorphism of H onto (G*)°.
For further definition, see Renard.

1.3. Admissible embeddings. The isomorphism Tg — Tg is from choice of
(Ba,Ta), (Ba,Ta), similarly we have Ty — Tg. Thus we have

T — Tu S Te — Ta
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Thus an isomorphism Ty — Tg. We have
Anja - Clss(H(F)) — Clss(G(F).)

This is canonical, since we have quotient the Weyl group. And Ay, is a I'p-map
(orbits).

Suppose that Ty is defined over F, if (Bg+,Tg+) is chosen such that Tg+ and
Ty — Tg+ are defined over F, then we call Ty — Tg+ and admissible embedding
of Ty in T« This is uniquely determined up to U(7Tg«)-conjugacy. (Langlands, it
is usually Int(g—1))

We call strongly G-regular vy € H(F) an image of vg € G(F) if ~¢ lies in the
image under A/ of the conjugacy class of vy in H (F), the twisted analogue is
called norm.

2. PRELIMINARIES

This and the next section are just the content of Langlands-Shelstad, with some
complements and remarks.

2.1. General settings. Suppose k is a field of characteristic zero with algebraic
closure k, G is a connected reductive algebraic group defined and quasi-split over
k.
e (B, T,{X,}) is a k-splitting of G.
e T is an abstract group, acting on G through Aut(G,B, T, {X,}).
e O =0Q(G,T), Weyl group of T in G. It has a T' action on it.
For § = wxp € Q x T, define n() = n(w) x p € G(k) x T, where n(w) €

N(T(k),G(k)) is given by the construction in Springer. We explain here.

(1) Let a be a simple root of T in B, by definition pX, = X,q, Vp € T'. Let
H, be the coroot for a, regarded as an element of LieT, then fix X_, by
requiring that [Xo, X_o] = Ho. Set n(a) = exp(Xa) exp(—X_,) exp(Xa).

(2) When w € Q, w # 1, let w = Sq, ...Sq, be a reduced form, then set
n(w) = n(ag)...n(a,). It can be proved that n(w) is independent of the
choice of reduced expression for w. See Springer 9.3.2.

(3) If w =1 set n(w) = 1.

Thus if # = w x p, then define n(8) = n(w) x p and

n(01)n(02) = t(61,02)n(6102), 6; € 2% T,

whrere t(0;,62) is a 2-cocycle of Q x T' in T (k)

Lemma 2.1.

o0 = [ (=0~

a>0
07 <0
0507 a>0

Gauge. In this section, will will denote:

e X is a free finitely generated Z-module.

e Y is a group, with action on X, and ¥ contains an element ¢ such that
ed=-\VYAeX. (Wewillset ¥={1,e} xT).

e Extend by trivial action on £*, ¥ acts on k* ® X.

e Z is a finite Y-stable subset of X.

e pis a gauge on Z, that is p: Z — {£1} and p(—\) = —p(A), VA € Z.

P
We abbreviate the notation: Let o,7 € X, then the product H isover A € Z
1,0,7

such that
p(N) =1, ple™'A) =1, p(r o'\ =1
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Lemma 2.2.
p

ty(o7) = [[ (-1 ek eX.

1l,0,7

is a 2-cocycle. This is just a form for now, but have explicit meaning in our cases.

Lemma 2.3. If q is also a gauge on Z, then ty is cohomologous to t,.

Definition 2.1. When ¥ = {1,c} xT', and X acts transitively on Z. Then it has
two I'-orbits Z = OU—0O or T also acts transitively on # = O. In the former case

O is called asymmetric and in the latter symmetric.

Lemma 2.4. Suppose that Z = O U -0 or T’ is the asymmetric case. Then the

restriction of t, to I' is trivial.

Ezplicit Splitting. Suppose that p and ¢ are gauges on &% then ¢, and ¢, are coho-
mologous 2-cocycles of ¥ in k¥ ® X. Then we can realize t,/t, as the differential
of some 1-cocycle. See (2.4) of [LS] for the construction of s,,,. We have

Lemma 2.5.
8Sp/q = tp/tq.
Lemma 2.6.

(1) sq/p is cohomologous to s,q.
(2) 8p/q5q/r is cohomologous to sy ;.

2.2. a-data. Given the action of ¥ on k* with e acting trivially. T' = I'y. An
a-datum for the action of I' in Z is a collection {ay : A € Z}, where

(1) ax € k%, and a,\ = gay, Vo €T, A € Z.
(2) a_x = —ax.

P
We write H for the product over A € Z such that p(c=1)\)

o, T

When a-data exist, choose one and set

Lemma 2.7.
tp(o,7) = Jup(o, 7).
(This is independent of the choice of a-data.)

Now suppose that {by : A € #Z} satisfies by € k* and

(1) bor =0by, Vo €T, A\ € £,
() by = by,

Lp(r—to™tN) = 1.

There is no standard name for this and we could temporarily call this a b-datum,

it measures the difference between different a-data.

Lemma 2.8. Let

It is a 1-cocycle of T in k> @ X.

Lemma 2.9. With the above notation, we have

o The class of v, is independent of p.

o If # =0U—-0 is the asymmelric case, then v, is cohomologically trivial.
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Applications. Lets recall that we k a field of characteristic zero with algebraic
closure k, G is a connected reductive algebraic group defined and quasi-split over
k, define:

e T is a maximal torus in G defined over k.
e {a,} is a set of a-data for T. That is, for the action of I'y = Gal(k/k) on
the set R(G,T) of roots. In this case a-data exist.
e (B, T,{X,}) of G is a k-splitting. We can assume G is semisimple and
simply-connected to ease notation.
e o is the action of 0 € I' = Gal(k/k) on T,and T' = {o : 0 € T}. (So T
preserves this k-splitting).
e  is the Weyl group Q(G, T).
e Choose a Borel subgroup B of G (not necessarily defined over k) containing
T, and h € G such that (B,T)" = (B, T).
e Notate op for the action of o € ' on T, it is transported to an action on
T by Int(h~!), we use the same notation or for this action.
o Set I'p={op:0el} COQxTI.
e Write wr(0) € Q defined by Int(h~'o(h)), then it can be shown that
or =wr(o) X o.
The a-data for T also serves for the action of I' on RY(G,T). After transport,
it gives the action of I'r on #Z := RY(G,T). By previous discussion,

n(or) =n(wr(o)) xo, oel.
and this satisfies

n(or)o(n(rr))n((o7)r) ™" = dx(or, 7r) "

where
p

xz(or) = H agv.

1,0

The gauge is defined such that p(a)) = 1 if and only if « is a root of T in B. Then
or = z(or) - n(wr(o)) x o
is a homomorphism of I'r in N(T(k),G(k)) x T, and
or — m(or) := x(or) n(wr(o))

is a 1-cocycle of 'z in N(T(k), G(k)). Note that hm(or)o(h™!) lies in T'(k), thus for
given k-splitting, a-data, and B D T, it gives a well defined element A(T') = A, (T)
of HY(T,T(k)) = HY(T). In the following we will analyze how those data affect
this cohomology class.

e Twist of the splitting. The splitting (B, T, {X, }) may be replaced only by (BY, T9,{X{,}),
where g € G(k) such that go(g)~! lies in the center Z(G) for all ¢ € I'. In this
case, A\(T) is multiplied by the class g in H'(T') represented by o + go(g)~L.

o Changing a-data. Suppose that the a-data {a,} are replaced by {al}, where
ay, = baGq, then {b,} is b-data we have discussed. In this case A, , (1) = b- A4, (T),

q

here b is the class of b, in H(T), where b, : 0 — H bgﬂ the class b is independent
1,0

of gauge by previous lemma.

e The choice of B. It can be shown that A\(T') € H'(T) is independent of the choice
of B D T. The proof is not short and this is section (2.3.3) in [LS].
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o Twist of the torus T. Suppose that Int(g~!) maps T to T over k and carries
a-data {an} for T to {al} for T'. Let g € H*(T) be the class of the cocycle
o — go(g)~! then \(T) is g times the image of A\(T’) under the homomorphism
HYT') — HY(T) given by Int(g).

2.3. x-data. In this section, we consider the case k = C and I" = Gal(L/F’), where
F is a local or global field and L is a finite Galois extension of F. ¥ = (¢,T") acts
on C* ® X with trivial action on C* the cocycle ¢, is non-trivial in general. Let
W = Wg,r be the Weil group of L/F, and the action W on C* ® X through
W —=T.

We define the x-data for the action I' on %, we need to define some notations
first, notate:

el n={cel:oA=ALTiyx={ocel:0\==)\}, where \ € Z. If A is
fixed, we delete it from the notations.

e I C L is the fixed field of 'y, and F C L is the fixed field of I'y.
Note that [F : Fiy] is 2 or 1 according to the I'-orbit of A is symmetric or
asymmetric.

° W+ = VVL/FJr and W:t = WL/Fi-

The x-data for the action I on Z is a collection {xy : A € Z}, where:
(1) x» is a character on Cy = CF,, the class group, which is (F;»)* when F'
is local and the idele-class group of F;, when F is global.
(2) Property one: x_x = X' and xo\ = xpr 00!, where 0 € I, A\ € Z.
(3) Property two: If [Fy : F ] = 2 (symmetric case), then the character y, on
C y restricts to Cy ) is the quadratic character corresponds to the quadratic
extension Fy /Fy from Class Field Theory.
Assume now Y acts transitively on &, the general case is the product of those
what is defined in this case. Fix A\ € #Z now.
Choose representatives o1, ...,0, for T\, then j:orl_l)\, .,k N are all el-
ements of #Z without redundancy. Define a gauge p on Z by

p(N)=1 ifand onlyif X =o; '\, for some 1 <i < n.
Choose wy, . ..,w, € W such that w; maps to o; under W — I', then wy, ..., w,
are representatives for Wo\W. If w € W then define u;(w) € Wy by
wiw = w;(w)wy, 1<i<n.
Choose vy € Wy and vy for W, \Wy in case [F : Fy] = 2, or just choose
vg € W4 when F, = F.. For u € Wy, define vo(u) € W, by
vou = vo(u)vyr.

Set s(u) = xa(vo(w)) for u € W, and for w € W, set

n

rp(w) = HXA(vo(uv:(w)))Ai = [T suitw)™,

i=1
where \; = o'i_l/\.Then rp is a 1-chain of W with values in C* @ X. If ¢ is another
gauge on Z, set
Tq = Sq/pTp-

Lemma 2.10. The coboundary of rq is tq, that is Orqy = t,.

The choices made no effect on r; to up 1-coboundaries.

Now we define (-data, which is the analogue of b-data for a-data, for x-data.
Lemma 2.11. Suppose {{ : A € #} satisfies:

(1) ¢ is a character on Cy and hence on Wy. (W2 = Q)
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(2) ¢ = C;l for N\€ R, and (ox =(r oo ! foro €T, A€ A.
(3) If [Fy : Fy] =2 is the symmetric case, then (x is trivial on Cyy.

Then

n
c(w) = [T (wolui(w))™, wew
i=1
is a 1-cocycle of W with values in C* @ X. Its cohomology class is independent of
the choices made in the construction.

Suppose that 3 is not transitive on &, then we define r; and c for each 3-orbit,
and then take products over all those orbits, the results are also denoted by r, and
c.

Applications. Let G be a connected reductive group defined and quasi-split over
F. T is a maximal torus in G defined over F. Then we can choose {x.} to be the
x-data for the action of Gal(F/F) on R(G,T). There is no harm in replacing F' by
finite Galois extension L C F of F, over which T splits.

Fix a T' = Gal(F/F)-splitting (B, T, {XY}), we can realize G = G' x W, as
before we can realize I" as I', which is the set of actions preserving the splitting.

Definition 2.2. A homomorphism € : *T — LG is an admissible embedding if:

(1) & maps T isomorphically to ’i‘, and this isomorphism is the isomorphism
attached to (B, T) and the choice of a Borel group B containing T.
(2) &(w) € G xw for allw e W.

It can be seen that the G—conjugacy class of £ is independent of the choice (B, ’i‘)
and B. We will give constructions of cochains from admissible embeddings.

Fix also B for now, to give an admissible embedding &, we have only to give a
homomorphism w — &(w) = &(w) x w, where &(w) € N(T,G). Let o be the
image of w via W — T, then we can consider the action of o, since the action of
W defining L-groups factors through I'. Then the action Int(&(w)) on T should
be induced from the action of ¢ on T, through the isomorphism & : 7' — T. This
action on T is denoted by o, as before we write it as wr (o) x o € Q x T, Define

n(w) == n(wr(o)) xwe N(T,G) xw, weW.
By the previous general lemma, we see it satisfies
n(wy)n(wz)n(wiwe) ™t = t,(01,02),

where w; — o; under W — T, the gauge p(«) = 1 if and only if & is a root of T
in B. Thus with rp the 1-cochain defined before, and

§(w) = rp(w)n(wr(o)) x w

We obtain an admissible embedding ¢ : “T" — LG by this. It is uniquely determined
up to T-conjugacy, the choice of borel subgroup B, and y-data for T. We will
examine how this admissible embedding changes when we change those data.

o Twist of splitting. Suppose that the splitting datum is replaced by (Bg, T9, {XV9}),
where g € GG, we may suppose g is ['-invariant. Then the admissible embedding
¢€: LT — L@ is replaced by Int(g~ 1) - ¢, and the G-conjugacy class is not affected.

e Change B. It can be shown the G-conjugacy class of ¢ is independent of the
choice of B. See [LS] 2.6.2.
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e Change x-data. Suppose that the x-data {x,} is replaced by {x. }, then we have
X5, = CaXa- Let ¢ be the 1-cocyle defined earlier for {-data, then the admissible
embedding ¢ is replaced by ¢ ® £, where

(c@&)(t x w) = c(w)é(ec X w).

o Twist of T. If Int(¢g~') maps T to T" over F, and carries {xq} to {x/,}, then g
defines a canonical isomorphism A, : 7" — ET. And the admissible embeddings
satisfy £ =& o A,.

3. TRANSFER FACTORS

3.1. Notations. In this section F' will be a local field. And H,G,G* are the
original groups occurred in the Endoscopy data.

® vy, 7y are strongly G-regular elements in H (F') which are images (norms)
of vg, 74 strongly regular elements in G.

e Ty, Ty are torus containing vz, 7 respectively. T, T are tori containing
Ya,Yq respectively.

e Fix admissible embeddings Ty — T, Ty — T of Ty and Ty in G*. ~,7
be the images of yg,7 under those mappings.

e R is the root of T in G*, RY is the coroot, Q is the Weyl group. RY; is
the subsystem of RY of coroots from H via the admissible embedding, Ry
is the roots from H, Qp is the Weyl group generated by Ry or RY,. The
analogous notation for T is defined with bar added similarly.

We fix a-data, y-data for the action of I' = Gal(F'/F) on the roots of T and T.
If the admissible embedding Ty — T is replaced by a LU(T')-conjugate, then we may
transport the give a-data and y-data to the new data.

We only have to consider the effects of the following:

(1) Replacing (Ty — T,{aa}, {xa}) by an Y(T")-conjugate.
(2) Changing {an} and {xq} with Ty — T fixed.

Let’s analyze the dependence of definitions:

e Ty — T is given by the choice of By in H, B in G*, pairs (By, Ty) in H,
pairs (B,T) in G, element = € G such that Int(z) o & that maps Ti to T
a/Ild By into B.

e Ty — Ty is given by the choice of (By,Tx) and (By, TH).

e T — T is given by the choice of (B, T) and (B, T).

e Endoscopy datum gives us & : H— (A?, with (By, Ty) and (B, T) fixed, we
can choose one z € G.

° f]\{ — Ty LN T — f, defines the admissible embedding Ty — 7. (All
arrows are isomorphisms, therefore invertible)

Now fix the splittings (B, Ter, {X"}) of H, and (B, T,{X}) of G, and assume
(By, Tu) and (B, T) are the choices in Ty — T and Ty — T. Up to equivalence
of endoscopic data we may assume & maps Ty to 7 and By into B.

The endoscopic datum s (the semisimple element) is central in £(H), thus lies
in 7 and its preimage in f;; is independent of the choice of By, so its image st in
T depends only on the admissible embedding Ty — T

There is a canonical embedding of the center Z(G) in T. Let Tag = T/Z(G).
Then my = Wo(fgd) denote the component group of I-invariants in Thq. The image
of st in fad is I-invariant and thus defines an element st of mg.

Tate-Nakayama duality (one can see appendix in Renard) gives us a pairing:

(-, : HY(T, Ty.) x my — C*.
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*
sc)

where Ty, denotes the induced torus of T in GG
the derived group of G*.

the simply-connected covering of

3.2. Aj.
Definition 3.1. A;(vu,va) = (AMT), sT)

Here the a-data and y-data are transported to G, from G*, and we have im-
plicitly fixed some splitting Spl in G*_ to calculate A(T).

Sc

Lemma 3.1. Ar(vm,ve)/Ar(F g, Ve) s independent over the choice of Spl.
Now we check the effects. We have:

Lemma 3.2. If (Ty — T,{aa}) is replaced by its g-conjugate, g € MTs.) (we can
choose Ts. here), then Ar(vu,va) is multiplied by

<gTa ST>71

where gr is the class of o +— go(g)™! in HY(Ty.).
Lemma 3.3. Suppose {an} is replaced by {al,} and al, = boaa, then Ar(vu,va)

is multiplied by
H Xa(ba)

where the product is over representatives o for the symmetric orbits of I' in the
roots of T' that are outside H .

3.3. A]].
Definition 3.2.

Arr(vve) =] (a(?ﬂ_l) :

«
where the product is over representatives o of the orbits of I' in the roots of T that
are outside H .

Lemma 3.4. If (Ty — T,{aa}, {xa}) is replaced by a A(T')-conjugate then Arr (v, va)
is unchanged.

Lemma 3.5. Suppose {an} is replaced by {al,} and al, = boaa, then Ar(vu,va)
is multiplied by
H on(ba)71

where the product is over representatives o for the symmetric orbits of T in the
roots of T' that are outside H.

Suppose O is symmetric and q is a gauge on it. Define

e X© free abelian group on set O, , with inherited action of I'.

e O ={ac0:qla)=1}.

e X submodule generated by a € O,. So X© = IndEiX“.

e T torus over F by X*(Tp) = X©, T® torus over Fi, by X*(T,) = X°,
then T is one-dimsensional anisotropic over Fi, and split over F,, (norm
torus). It is seen that TC = Resh*T*.

e There is a natural homomorphism 7" — T© over F from the natural homo-
morphism X© — X*(T), then T(F) — TO(F) ~ T%(Fy4), let 7, be the
image of v in T%(Fy,).

e The norm map T*(F,) — T%(Fi) is surjective and we may write ¢ =
0%0.
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Lemma 3.6. If the x-data {x.} are replaced by {x.} and x., = Xala, then
Arr(va,va) is multiplied by

asymm symm

H Ca () H Ca(6%)

where the products are both over representatives outside H, in asymmetric orbit
pairs and symmetric orbits.
3.4. Arrr, or Ay, When G is quasi-split, and G* = G with ¢ = Id, since vy is
norm of vg, then there is an h € Gy, such that hygh™! = . Set v(o) = ho(h)™!,
then the class inv(yg,vg) of v(o) in H'(Ty.) is well-defined.
Definition 3.3 (G quasi-split).

Ai(vmsve) = (inv(ve, v6)s sT)

In general, we work with the two pairs of elements yy,v¢ and yu, 5. There
exist h, h € G_ such that

hMp(ya)h™t =~ and hp(3e)h ™' =7.
Set,

v(o) = hu(o)o(h)™" and (o) = hu(o)o(h) ™1,
where u(0) € G, and ¥(0)(¢)"' = Intu(o), o € . Then v(o) and ©(0) are
cochains of I' in Ty, and Ty, each well defined up to coboundaries because v and
7 are strongly regular.

Further, v = 0v = Ju, each coboundary taking values in the center Z;. of G,.
Let U = U(T,T) be the torus

Tee X TSC/{(z_l,z) 12 € g}

Then o — (v(0)~",9(0)) defines an element of H'(U) which is independent of
the choices for u(o), h and h. We write this class as

. (7H770)
mvy{ —].
YHY
From Ty, x Tye — U we get H'(Ty.) x H (Ts.) — H*(U). If G is quasi-split

YH, VG
Recall that Toq is T/Z(G), the torus dual to the preimage Ts. of T in G%.. We
denote by T, the torus dual to Toqg = T/Z(G). Then the center Zs. of the simply-

connected covering of the derived group of G, which is a finite group isomorphic to

then inv (W) is the image of (inv(vz,ve) ™, inv(yH,5g))-

Zse, is canonically embedded in Tsc and T,.. Set

U="T, x ic/{(z_l,z) 12 € Zgo}

Then X*(U) € X*(T}. % ic). At the same time, X*(U) C X*(Ty. x Tsc). The
Q-pairing between X* (TSC xT ve) and X * (T x ic) yields a dual Z-pairing between
X*(U) and X*(U), and so U is the torus dual to U.

To the endoscopic datum s we attach s, € mo(UT) as follows. Suppose § lies in
the preimage under Fy. — Faq of the projection of s onto Foq = f/Z(G) From
F — T and F — f we obtain Fg. — TSC and Fg. — ic. The images s and
sp of s depend only on the embeddings Ty — T and Ty — T. The image sy of
(s7,s7) in U is independent of the choice of s. It is also I-invariant and so defines
an element sy of mo(UT).
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Definition 3.4.

_ _ . s VG
Av(vE, Y63 TH AG) = <1nv (YH il ) 73U>-
YH,YG

Lemma 3.7. If Ty — T and Ty — T are replaced by their g- and g-conjugates,
where g € U(Tse) and g € WTs.), then A1(vu,Ya; Yu,7a) ts multiplied by

<gT7 ST> <g’1_"7 3T‘>_17

where gr is the class of o — go(g~t) in HY(Ts.), and gf the class of o — go(g—1)
in HY(Ty.).

Note that if G is quasi-split over F' then

Al(’yHa’YG;ﬁHaﬁ/G) = <inV(’YH77G)7ST>_1 <inV(,7H7’7G>7ST> .

3.5. Arrr, or Ay. We assume H is an L-group of H to make definition simpler,
the general case uses z-pair.

For the construction here we fix Borel subgroups By O Ty, B 2 T which yield
the isomorphism Ty — Ty — T — T dual to Ty — T. To the x-data {x.} are
attached admissible embeddings &7 : LT — LG extending T' — T and &g, : LTy —
LH extending Ty — Ti. Then (identify LT with LTy and use € : H — Q)

Eoéry = alr,

where a is a 1-cocycle of Wg in T for the transport of the action of Wg on
T. We transport a to T without change in notation. Its class a in H 1(WF,T) is
independent of the choice of By and B by (2.6.2) in [LS], and of the I-splittings
(B, Fr, {X*"}) and (B, F,{X}) by (2.6.1) in [LS]. Further if (T — T, {xa}) is
replaced by its g-conjugate, g € 2(T), then a is replaced by its image in H' (W, Tg)
under the map induced by Int g~ [see (2.6.4)].

Definition 3.5. Asx(yy,va) = (a,7).

The pairing is the usual one between H'(W,T) and T'(F) [Borel, Sect. 9].
Clearly, replacing (T — T, {xa}) by an 2(T')-conjugate has no effect on As (v, va)-

Lemma 3.8. Suppose that the x-data {x.} are replaced by {x,}, where x', = Xala-
Then As(vm,va) is multiplied by

asymm symm
II O™ I Gaten™,

where the products are both over representatives outside H, in asymmetric orbit
pairs and symmetric orbits.

3.6. Ay and A. If v € T(F) then [],(a(y) — 1), where the product is over all
roots of T in G*, lies in F. We set

Dg-() = |[T(ats) - 1| "

Definition 3.6. AIV(’VHv’YG) = Dg~ (y) DH(’}/H)_l.

Then Ary (vm,ve) depends only on the stable conjugacy class of yp.
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The Factor A. We now fix the pair 7, 7o and specify A(7x,J¢) arbitrarily. Then
we define

A(ve,ve) = A, va) Ave, Y6 Vi, 76),
where
A(va,v6;7H,Ya)
is equal to
Ar(vave) Au(ve,ve) Aun(ve,ve) Arv(ve;ve)
Ar(Yu,ve) An(Yu.ve) Ann(Ya.ve)  Arv (e, Ve)
In the case that G is quasi-split over F' we set

“Arrn (Va6 YHYG)-

Ao(va,ve) = Ar(vasve) Ar(vasve) A(ve,v6) De(ve,ve) Arv (ve,ve)
so that Ao )
A ) ; Y ) Y = O ’-YH’ ,)/G -
(YH, Y63V, VG) Ao(Fa,76)
Recall that Ar(ym,va), but not Ar(vu,va)/Ar(Fm,Ya), depends on the choice
of an F-splitting for G*.

Theorem 3.1. A(ymy,vq) is independent of the choice of admissible embeddings,
a-data and x-data.

Properties.

Lemma 3.9. A(vy,v¢:9m:76) = Ava.va; v V6)-

Lemma 3.10. A(vg,va) depends only on the stable conjugacy class of yg in H(F')
and the conjugacy class of vg in G(F).

4. FURTHER REMARKS

References.
e Springer: Linear algebraic groups.
e LS: R.P Langlands and D. Shelstad, On the definition of transfer factors,
Math. Ann., 278 (1987), p. 219-271.
e Renard: David Renard, Endoscopy for real reductive groups.
e Borel: Borel, A. Automorphic L-functions. Proc. Sympos. Pure Math. 33,
part 2, Am. Math. Soc. 27-61 (1979)

Remaining Problems.

e The concrete dependences of the definitions, on choices of constructing
data.

e Specification of elements in G, and Te.

e Relation with Langlands correspondence?

e Motivation for different A7 Aj; is for smooth extension, A is to measure
the weights for different stable orbits, Ay correction to be compatible with
Langlands correspondence. Ay Jump relations.
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